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Abstract. We consider inverse scattering problems for the three-dimensional 
Hartree equation. We prove that if the unknown interaction potential V{x) of 
the equation satisfies some rapid decay condition, then we can uniquely determine 
the exact value of d^V{0) for any multi-index a by the knowledge of the scatter- 
ing operator for the equation. Furthermore, we show some stability estimate for 
identifying d^V{0). 

1. Introduction 

This paper is concerned with inverse scattering problems for the three-dimensional 
Hartree equation 

idtu + Au = {V * \u\'^)u, (t,x)GRxR^ (1.1) 



Here, u = u{t,x) is a complex- valued unknown function, i = a/^, dt = d/dt, 
A = df + 82 + 9|, dj = d/dxj (j = 1,2,3), V = V{x) is a real- valued measur- 
able function, the symbol * denotes the convolution in R^. The equation (11. ip is 
approximately derived by the time-dependent multi-body Schrodinger equation and 
the function V{x) means the interaction potential for particles. 

Our aim of this paper is to identify the unknown interaction potential V{x) by 
the knowledge of the scattering operator. In order to mention the existence of the 
scattering operator for the equation (II. ip . we introduce some notation. For 1 < p < 
00, we denote the Lebesgue space Lp(R^) and its norm by and || ■ respectively. 
For 1 < p < 00, we denote the usual Sobolev space (R^) by Wp and we put = 
Wl For a Banach space Y and for 1 < g < 00, we put CbY = C(R; Y) n L°°(R; Y) 
and L'^Y = L'^(R]Y). For a Banach space Y equipped with the norm || ■ ||y and 



2000 Mathematics Subject Classification. 35Q55, 81U40, 35P25. 

Key words and phrases. Schrodinger equation; inverse scattering; interaction potential 
*Supported by Grant-in-Aid for Young Scientists (B) No. 22740082. 
*email: sasakiOmath. s . chiba-u. ac . jp. 



1 



2 



H. SASAKI 



for 5 > 0, we define the closed ball B{6,Y) by B{6,Y) = {f e Y; ||/||y < 6}. 
For t G M, the linear operator U{t) is defined by U(t) = e**^. Then v{t) = Uit)(f) 
{(p G L"^) solves the free Schrodinger equation idfV + Av = with the initial condition 
v{0) = (f). From Strauss [8j, we see the existence of the scattering operator for fll.ip : 

Theorem 1.1. Let M > 0. Assume that V G B{M, L}). Then there exist some pos- 
itive numbers 5q{M) and Cq depending only on M such that the following properties 
hold: 

(1) For any 0_ G B{6o{M), H^) , there uniquely exists a time-global solution u G 
Z := Ci,H^ n L^Wl^i^ to lliy such that m(0) G B{Co5o{M), H^) and 

lim \\u{t) - U{t)<p\\rr^ = 0. 
i— ^— CO 

Thus, the wave operator 

W- : B{6o{My, H^) 9 0_ ^ m(0) G B{CMM)- H^) 
is well-defined. 

(2) For any 0o ^ B{Cq5q{M)] H^) , there uniquely exist v E Z and a datum cj)^ G 
B{Cq5o{M)\H^) such that v solves with the initial condition f(0) = 0o 
and satisfies 

lim \\v{t) - U{t)(p Arr^ = 0. 

Thus, the inverse wave operator 

V+ : B{Co6o{My, H') 3 00 0+ e B{C^6o{My, H') 
and the scattering operator 

S = V+oW_: B{6o{My, H^) B{C^6o{My H^) 

are well-defined. 

(3) We have for any 0_ G B{6o{M), H^), 

S{(t)-) = (j)- - I [ U{-t){V *\u{ty^)u{t)dt (1.2) 
Jr 

and 

Mt)-U{t)<P4,<CoU-\\m, (1.3) 

where u{t) is the time-global solution mentioned in (1). 

Remark 1.1. For the equation (11.11) . the scattering operator is well-defined on some 
neighborhood of in some suitable Hilbert space if the interaction potential V 
satisfies either sup^gj^s |a;|''' |l^(x)| < oo for some 7 G (1,3) oi V E U for some 
r G [1,3). For a proof, see [I1I21IH]. 
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The inverse scattering problem for the perturbed Schrodinger equation is to re- 
cover the perturbed term by applying the knowledge of scattering states. Before we 
introduce our main results, we first review some known results of inverse scatter- 
ing problems for ?7,- dimensional nonlinear Schrodinger equations briefly. Strauss [7] 
considered the nonlinear Schrodinger equation 

idtu + Au = W\u\P-\, {t,x)eRxW. 

Here, p is a given number and W = W{x) is unknown. It was proved that if p and 
W satisfy suitable conditions, then the unknown W is uniquely reconstructed by 

lim 

W{xo) = , xo e M", G H\W) n L^+^/P{R") \ {0}, 

/ |t/(t)0(x)|^+'ci(t,x) 

where (pR^xoi^) = 4>{R{x — xq)) {R> 0, x e M") and 

KM = lirme-P {{S - id 0)^,(j,„) , (1.4) 

which is called the small amplitude limit, the notation "id" is the identity mapping. 
Later, Weder [HI [151 IlHl [13 [HI [19] proved that a more general class of nonlin- 
earities is uniquely reconstructed, and moreover, a method is given for the unique 
reconstruction of the potential that acts as a linear operator. 

Unfortunately, the above methods to obtain the reconstruction formula are not 
applicable to the case of the Hartree term {V * \u\'^)u (for details, see, e.g. Section 
1 of [5]). Watanabe [9l [TOl [Til [12] studied the Hartree equation with a potential 

idtu + Au = Wiu + {W2 * \u\'^)u, (t, a;) G M X R". 

Here, Wi{x) satisfies some suitable condition, W2{x) = Q\x\''^ {Q > and 7 G 
[2,4] with 7 < ra). It was proved that Wi, Q and 7 are uniquely determined (see 
also fl3[ H]). Sasaki [5J considered the three-dimensional Hartree equation with a 
potential 

idtu + Au = W3U + (1^4 * \uf)u, (t, x) G R X R^ 

where Wj = Qj exp{—'yj\x\)/\x\ {Qj G R and 7^- > 0, j = 3,4). It was shown that if 
IQsl < 73; then unknown parameters Qj and 7^- (j = 3,4) are uniquely determined. 
In the above inverse scattering problems for the Hartree equation, we assume that 
the interaction potential is a known function with unknown parameters. In other 
words, we already know what kind of shape the interaction potential has. 

We next consider inverse scattering problems for the Hartree equation and the 
case where we do not know what kind of shape the interaction potential V has. 
Sasaki-Watanabe [6J proved that if 2 < n < 6, V e L^iR"") and G i/^(R") \ {0}, 
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then the following formula holds: 

lim X^+^Ks [<pA,oJ 



{2nr/'\\um\U^.,L^) 



where J^V is the Fourier transform of V and -ft'3[0] is the small amplitude limit 
defined by (11.41) with p = 3. Later, Sasaki |3j proved that if n > 3 and V is radial 
and satisfies some decay condition, then we have for any non-negative integer m, 

am 

dm lim -- {r^'Ks [0A,O]) 



dp' 



-J-\/(p,0,--- ,0) 



p=o / \\\.r/'T\umlr,yur^,dt 



lL2(R") 

Furthermore, if we assume that TV is an entire function, then we have 



oo 



ml 

m=0 



and we can hence reconstruct V. 

In this paper, we consider inverse scattering problems for fll.ip . supposing some 
decay condition for V. We show that for any multi-index a, we can uniquely de- 
termine the exact value of d^J^V{0) and we can reconstruct V even if we do not 
suppose any symmetric conditions for V. 

1.1. Notation. To state our main results precisely, we introduce some notation. 
Let N be the set of all positive integers. Put No = NU {0}. We denote the Schwartz 
class iS(]R^) by S. The Fourier transform J-" on is defined by 

TfiO = (27r)-3/2 [ e-''<f{x)dx, f e L\ ^ e Ml 

We define 3x3 matrices (m = 1,2,3) by 




h = 

For multi-index e = (ei, €2, £3) G {0, 1}^, we put 





m(e) = I ^ = °' 

I min{m; = 1} if |e| 7^ 

and /(e) = /^(e)- For N ^ Nq and e G {0,1}'^, we define 3x3 matrices D^'^ 

(A,/i > 0), non-negative integers P^^eict) = {c(i,C(2,C(3) £ Nq), linear operators 
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U'^^^{t) and U^{t) (/x > 0, t e M) by 

/ 1 \ ( ai 

D^': = A/(e) /X /(e), P^,,(a) = (0, 1, iV + 1) /(e) 

= -^"^ exp [-It \D]:,%\^) U,{t) = exp -F, 
respectively. We now enumerate two examples. If e = (1, 0, 1), then 

/(e) = /i, L>^'^, = diag (A, A/x, A/x^+^) , PnM) = ^2 + (TV + l)a3, 

[/^,,(t) = exp {tt {5? + ^i'dl + /i^^+^af}) , t/.(t) = exp (ttdl) . 
If e = (0,0,1), then 

/(e) = /3, /^^^'^ = diag (A/i^+\ A/i, A) , P^,,(a) = ^2 + (iV + l)a;i, 
U^^M = exp (zi {/x^^+^^i^ ^ ^2^2 ^ ^ii^ ^ ^ ^.^^2^ _ 

For N e No, we put N*^#{ae Ng; |q;| = A^} = (A^+l)(A^+2)/2. For any e No 
and e e {0, 1}^, there uniquely exists a sequence of multi-indices {o({k)}^^^ C Nq 
satisfying the two following properties: 

• It follows that \a{k) \ = N for any /c = 1, ■ ■ ■ , N*. 

• lil<k<l<N*, then PNMik)) < PnMQ'))- 

Let us denote such a sequence by {a{N, e; k)}^^^. For a 3 x 3 matrix D and for a 
function (/? : ^ C, we put (p o D{x) = (p{Dx) {x e M^). For L e No, A > and 
for a function h : (0, oo) — >■ C, we define Aj^h{X) by 

1=0 

For 0, e <S, A > 0, e No and e e {0, 1}^, we set 



J 



X 



0,0, /i = 



(0,0,/.;i,e) = J-|C/^^,,(t)0r (0 xt(u^^M<I> X U^,em) (0, 

(0, 0; t, = ^ |t/,(t)0|2 (0 X T (TUt)4> X ^e(t)0) (0- 

Remark that if we fix A^, e and /i, then A^"'"^0 o L'^'^ belongs to the domain of the 
scattering operator 5" for sufficiently small A > 0. Furthermore, we define A^*-th 
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column vectors ^[(j), (p, fi], aN,e and the A^* x A^* matrix VJlN,t[(p, 4>^ fA by 



ClAT, 



tl jX 



J 



(Ar+l)2{j-i) 



l<j<N* 



t( Q2aiN,e;k)+e 



l<k<N* 



(2iV+|e|)! 



{2a{N,e;k) + e)\ 

JlRi+3 



/i 



(Ar+i)2(j-i)_ 



l<j,k<N* 



We remark that and 9Jliv,e are given and that a^^^ is unknown. Let Ei = 
diag(-l, 1, 1), E2 = diag(l,-l,l) and E3 = diag(l, 1, -1). For e Nq and e G 
{0, 1}^, we set the three following conditions for ip^cf) S: 
(CI) For any x G M^ 

0oE,(x) = 0(x), J = 1,2,3. 

(C2) For any x € M^ 

0oE,.(x) = (-l)^^0(x), J = 1,2,3. 
(C3) For any /c e {I,-- - ,A^*}, 

^2a(Ar,e;A:)+e^ 



1.2. Main Results. We are ready to state our main results. 

Theorem 1.2. Assume that the interaction potential V of the equation ( li.ij) satisfies 
the following condition: 

(VI) There exists some positive number A such that e^^^W{x) E L^(RD. 

Let N eNo ande e {0, 1}^ Fix (j),(f) e S \ {0}. We assume that (f) = (f) (^iT-d (CI) 
holds if \e\ = 0, and assume that (C1)-(C3) hold if |e| 7^ 0. 

Then there exists some positive number Jl such that the matrix DyiN^^[(f),(j), fi] is 
invertible for any fi G (0,/i). Furthermore, for any /i G (0,/x), there exist some 
positive numbers and depending only on N^A, and such that 

-1 



..A 



/i 



<C^A, Ag(0,A^). 



In particular, the unknown vector aN,(L is determined by 

-1 



ttAT. = Tl 



A^O 



, /iG(0,/i). 



1.6) 



1.7) 
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We next mention some uniqueness and stability for identifying d^J^V{0). 

Corollary 1.3. Let j = 1,2. Suppose that Vj satisfies (VI) with V = Vj and that 
Vi,V2 e B{M,L^) for some M > 0. Let Sj : B{5o{M),H^) B{C^So{M), H^) be 
the scattering operator for the equation with V = Vj. Here, Co and 6o{M) are 
positive numbers mentioned in Theorem \l.l\ Then the following properties hold: 

(1) Define \\Si — S2\\ by 

\S, -S,\\= sup |M:^l^^|Mki; e B{6,{M)- H') \ {0} 



Then for any a G Nq, we have 

\d'^J'VM - 9^°^l^2(0)| < C {\\Si - ^211^ + - S2II) , (1.8) 

where the constant C is dependent on \a\,A and M. 
(2) If Si = S2, then Vi = V2. 

We enumerate some remarks for Theorem 11.21 and Corollary II. 3[ 

Remark 1.2. Let N E No and let e G {0, 1}^ with |e| ^ 0. We now introduce an 
example of 0, G 5 \ {0} satisfying (C1)-(C3). Fix ipj G S{R) \ {0} (j = 1,2,3) 
which are even. We put 

0(Xi,X2,X3) = ipi{Xi)(^2ix2)^3{x3), (j){Xi,X2,Xs) = 9^0(xi , X2, X3) . 

Then we immediately see that and (p satisfy (CI) and (C2), respectively. It follows 
from Proposition IA.2I below that (C3) holds. 

Remark 1.3. We immediately see that for any /3 G Ng, there uniquely exist G No, 
e G {0, 1}^ and fc G {1, ■ ■ ■ , iV*} such that (3 = 2a{N, e; k) + e. Therefore, using our 
main results, we can uniquely determine the exact value of d^J^V{0) for any /3 G Nq. 
Furthermore, it follows from Proposition lA.ll that 

l/3|>0 

Using Proposition lA.ll again and again, we see the exact value of J^V{C,) (^ G M^) 
and we can hence reconstruct V. 

Introducing the contents of the rest of this paper, we close this section. In Section 
[21 we show that the matrix TlN,t[(l>y 4>y fA invertible for some G 5 \ {0} and 
H > 0. In order to prove the invertibility, we first show some propositions for 
functions ^N,e and Section [3] is devoted to the proof of main results. In Appendix 
IXl we prove some supplementary propositions. 
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2. Preliminaries 

In this section, we show propositions used in Section [3] below. In particular, we 
show the following lemma: 

Lemma 2.1. Let N e Nq and e G {0, 1}^. Fix (f),(j) e S \ {0}. Assume that (j) = (f) 
if \e\ = and that (C3) holds if |e| ^ 0. Then there exists some positive number Ji 
such that for any fi G (0,/I), the matrix Dyti\i^^[(j),(f), fi] is invertible. 



To show Lemma \2A[ we first prove some properties for functions $ 



N,e{ 



and 

Proposition 2.2. Let N E Nq and e G {0, 1}'^. For any /i > and L > 3, there 
exists some positive number Cl such that 

-2L 

z/e= (0,0,0), 



Cl iO' 



< < 



1 + (e? + /x^el) 



1 + t^e 



^/e 7^ (0,0,0) 



m{e) 



for any (t, ^) G M x 



Proof. It suffices to show the case e = (0, 0, 0) because the other case e 7^ (0, 0, 0) 
can be proved more easily. It follows that 



^ [U'^,M<P X f/;^,,(t)0j (0 = (27r)-3/2 [U'^.m) * J" [U'N,m)) (0 
= (27r)-^/^ / exp (zt {(6 - Vif + Ai^ - V^f + - mf]) 

X exp {-^t {^l + fi'vl + fi'^'+Ws}) J'-'<P{^ - V) mv)dv 

= i2nr'/' {^t {e, + f^r^ + l^'^'^rs)) 



Let 



^{t,0= [ exp{~2zt{^,7^^ + fi%r]2 + fi'''^%V3))J'-'HC-v)^mdv. 

Since (j),(f) E S, we obtain for any L > 3, 

\T-'<I>{^-V)\ mv)dv<c[ (e-r7)-^(r7)-^rfr/<C(0-^ (2.1) 

Jr3 

\^{t,0\<C{0'''. (2.2) 



and we hence see that 
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Furthermore, by using integration by parts with respect to rji, we have 
^(t, = 77^ / exp {-2tt (^ir^i + f^%r]2 + /i'^+'^^s)) 



From (12. ip . we see that 



l*(i,OI< 



l^^ll 



Using integration by parts with respect to 772, we have 



1^(^,01 < 



(2.3) 



(2.4) 



By fl2y2D-fl2^. we complete the proof. 



□ 



Proposition 2.3. Let iV G No and e G {0, 1}^. For any (t,^) G M x M^, we have 



hm $ 



(2.5) 



Proof. For any (t, ^) G M x M'^, we obtain 



F [u^,{t)<p X f/;^,,(t)0) (0 - ( X f/,(t)0) (0 
< 



J'iiK,M<P-u,{t)<j>]xu^^^^{t)<p]{0 



< c 



^(f/,(t)0x (?7;^_,(t)0-f/,(t)0))(O 

+ c 



+ c\\a 



<c\\u^^{t)^-u,{t)4>\ 







+ c 



Since we have for any ip & S and t G M, 

exp |l^^;:er) -^^(0 ^ exp -^¥^(0 in L'(M|) as /i ^ 0, 

we see that (12. 5p holds. □ 
Proposition 2.4. Let N e Nq and e G {0,1}^. For any a G Ng wi/i ajn{e) 7^ 0, 
functions C,°'^N,e{4>, 4>, f^]t,C,) (fi > 0) and ^"$^(0, 0; t, ^ are integrable on x R|. 



Furthermore, we have 

lim / r-^'iv,. 



1+3 



(2.6) 
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Proof. Let L > |a;| + 3. It follows from Proposition 12.21 that 



< 



1 + t^e 



m{e) 



Since am(e) 7^ 0, we have 

-2L 



< 00. 



Thus, for any fi> 0, the function ^"$jv^£(0, 0, /i; t, ^) is integrable on x M|. The 

integrability of ^"$^(0, 0; t, ^) is shown analogously. We see from Proposition 12.31 
and the Lebesgue dominated convergence theorem that (12. 6p holds. □ 

Proposition 2.5. Let N e No and e = (0,0,0). Assume that (p G 5 \ {0}. Let 

m,l G Nq. Then there exist positive numbers fii, Ci and C2 such that for any 
/i G (0,/ii), 

Ci< / if^if^MM^<P^^^■^i^i)dit.0<C2{l + \\og^l\). (2.7) 

Proof. Since the function $^(0, continuous on M x M'^, non-negative and 

does not equal to a zero function, we see that 

It follows from Proposition 12.31 and Fatou's lemma that 

C, = I e2"^e3'liminf<l>^,,(0,0,/i;t,Oc^(t,O 
<liminf / il^if^^^,{ct),<P,ii-t,i)d{t,i). 

Therefore, there exists some yUi G (0, 1) such that for any G (0,/Xi), 

min(^, l|< / il^if^N,,{ct^,ct^,^^■t,Od{t,i). (2.8) 
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Henceforth, we suppose that fi G (0,/ii). Let L be a sufficiently large positive 
number. By Proposition \2.2\ we have 



Furthermore, we obtain 



<7r / 



and 



+ (e? + /i^a) 

( r dt 



vrlog l + Jl + Z^^ei -27rlog/i-7rlog|6 



< 27rlog (^1 + -^1 + ilj - 2vrlog/i - vrlog j^l- 
Thus, we see that 

/ ere3''*iv,.(0,0,/i;t, 0^(^,0 

<C(l+|log/i|). (2.9) 
From ([H]) and ([2l]), we have ([221). Q 



We next prove Lemma [2.11 If = 0, then we easily see that the lemma holds. 
For other cases, we show dividing three steps. 
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(Step I) Let e N and e e {0, 1}^. Then for any 2 < M < N*, we have 

M 

<{N + 1)2(^-^)P^,, {a{N, €;N* + 1- M)) 

M-l 

+ ^ (TV + l)20-i)p^,, {a{N, e;N* + l- j)) 
i=i 

<{N + l)2(^^-i)Pjv,. (a(A^, e;N* + l- M)) 
(TV + 1)2(M-1) _ 1 



< (TV + l)2(M-i) |p^^^ («(Ar, e; TV* + 1 - M)) + ^|^^} 

< (iV + l)2(^-i)p^_, (a(iV, e; iV* + 2 - M)) . 



(Step II) Fix e N. Let <Q be the symmetric group of degree N* . We define (Tq G 6 

by 

Furthermore, we define 

Qiv,e(j, -fc) = 2(iV + 1)2(^-^)P^,, (a(iV, e; A;)) , 

AT* 

<5iV,e = X]<3iV,6(j,t^o(j))> 



AT* 

(Te6\{a-o} 



Let cr e © \ {do}. Then there exists some M e {!,••• , A^*} such that a{M) > 
(To(M) = A^* + l-M, and such that if M < TV* then a{j) = ao{j) (M+1 <j< TV*). 
Therefore, we obtain 



M N* 



QN,e = <3iV,e(j, Y1 <5jV,e(j, C^o(j)) 

j=l j=M+l 

M N* 

<2j2iN + lf^'-'^PN,eHN,e;N* + l-j))+ Qiv,.(j>(j)), 

3=1 j=M+l 
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where a term X^j^Af+i % is understood as 0. We see from Step I and o"(M) > 
N* + 2-M that 

N* 

Q^,e<2(iV+l)2(^-i)P;v,.(a(iV,e;iV* + 2-M))+ ^ QnAj^^J)) 

j=M+l 

M N* 

<2 5^(iV + l)2(^-i)p^,,(a(iV,e;a(j)))+ Yl QnAj^^U)) 

j=l j=M+l 
N* 

= ^(57V,e(j,0-(j))- 

i=i 

Therefore, we have QN,e < Qn,^ 

(Step III) Fix N en. For /i > 0, we set 

Then it suffices to show that for some /I > 0, we have det A[^) 7^ (yU G (0, /I)). 

We see from the assumptions of and 0, Propositions 12.41 and 12.51 that there exist 
some Hi G (0, 1) and Ci, C2 > such that for any /i G (0, /ii), 

C^i<|Civ,e(j,A;;/i)|<C2(l + |log/i|). 

Therefore, for any /i G (0,/ii), it follows from Step II that 

|det 

TV* Af* 

i=i ae6\{ao}i=i 

> - N*\ Cf (1 + I log/x|)^* /x) 

Since 

lim (1 + I log/i|)^ = 0, 

/x-)>0 

there exists /I > such that 

cr-iv*!c^2^*(i+iiog/iir/i>o, /iG (o,/i), 

which completes the proof. 
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3. Proof of Main Theorems 



In this section, we prove main results. Throughout this section, we fix G No, 
e e {0, 1}^ and 0, G iS \ {0}. Furthermore, we assume that = and (CI) holds 
if |e| = 0, and assume that (C1)-(C3) hold if |e| ^ 0. Fix /i G (0,yu), where 'jx 
is the positive number mentioned in Lemma [2.11 Then the matrix 97t7v,e[0, 0, /^] is 
invertible. We remark that all positive constants C which appear in this section are 
independent of the positive parameter A. 



3.1. Proof of Theorem 11.21 We assume that the interaction potential V of the 
equation (11.11) satisfies (VI). We see from Theorem 11.1( 3) that for any ip & S, the 
scattering operator 5* is expressed by 

Sieip) = etp -I I U{-t)F{u,{t))dt, 
Jr 

where e is sufficiently small and is the time-global solution to (II. ip satisfying 



By the inequality (II. 3p . we have 



lim \\u{t) - U{t){e 



0. 



(5-id)(£^),^)-(27r) 



1+3 



5 

m 



Substituting ip = (p o D^'^^, ip = (p o D'^^^ and e = A^"*""^ for the above inequality, we 
obtain for sufficiently small A > 0, 

((5 - id )(A^+V o /^^'^), o D 



A, /J 



- (27r 



,3/2 



^^(0$ ^,e(0 o D^^% o 1; t, Od{t, 



IRl+3 



< cx 



2N+8 



oD 



N,e 



5 



< CA^^+^A-t 



5 



oD 



Hi 



Since 



^\/(O$iv,e(0 o D^':, o D'/^, 1; t, Orf(t, 



A-^-^-^ / ^y(D^,'^O*iv,.(0, 0, /i; t, 0, 



1+3 
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we have 



(27r)3/2 



fi;t,Od{t,0 



Therefore, it follows that 

,N+2 



(27r)3/2 



< CX 



^-2Ar-|e|^2Af+|e| 
A 



(3.1) 



for sufficiently small A > 0. 
We now define 



Since V satisfies the condition (VI), we see from Proposition 12. 21 that /(A) is smooth 
on (0, Ao) for some Aq > 0. Using Proposition IA.3I below, we obtain 



for any A G (0, Xq/{2N + 4)). Furthermore, we see that 



< CX 



(3.2) 



=2Af+|e| 



1+3 



For any A > 0, /3 G Nq and ^ G M^, we see from the condition (VI) that 

< (27r)-3/2 \\x^V{x) (exp (^-tD^^^^^ ' ^) " 

< (27r)-3/2 (^exp (-z/^^f.^ - a;) - 1 
<C|Ae|. 



i/V( 
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Hence we see that 

g2N+\ 



/3|=2Ar+|e| 

for any A G (0, Ao/(2A^ + 4)). By conditions for and 0, we have 



< CX 



N,, 



Rl+3 



for any a G Ng and for any e G {0, 1}'^ \ {e}. Therefore, it follows that 



g2N+\e\ 



N* 



dX^N+\e\ 



(2iV+|«|)! 



-(2a(iV,e;fc) + e)!' 



^ ^2a(Ar,e;fc)+e • 



N,e\ 



< CX 



(3.3) 



for any A G (0, Ao/(2A^ + 4)). 

Therefore, we see from fl3.ip -f lX^ that there exists some positive number A such 
that 



-m 



Oat,, 



<CX, Ag(0,A). 



Since the matrix 9JtAr^e[0, 



'), fi] is invertible, the proof is complete. 



3.2. Proof of Corollary 11.31 Let j = 1, 2. Suppose that Vj satisfies (VI) with 
V = Vj. Let Sj be the scattering operator for the equation (11. ip with V = Vj. We 

denote aN,e (resp. ^^^^[(p, 4>, fi]) with V = Vj by a]v,, (resp. :3^y0, 0, /i]). We see 

from Theorem 11.21 that for some Aq > and (j),(f) & S, 

-1 



|_1 -2 I 



< 



_ ^A,2 



CX, Ag(0,Ao) 



Since 



A"2^~I^IZ\f +1^1 |a 

<CA-2^-I^IA-=^^-^||5i-52 

< CA-2^-l^lA~3^-^A3^+i2;^-i-4 - ^2 
<CA-2^-l^l-M|5i-S2||, 



3 



HI 
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we have 

|ajv,e-aLI<C{A-^^"'^l-Ml^i-^2||+A}. 

Let a = {2N + |e| + 2)"^ and put 

A = mill {Ao, 115*1 - 52||"} . 

Then fll.Sp holds. By f ll.Sp and Proposition lA.ll below, we see that the property (2) 
holds. We hence complete the proof. 

Appendix A. Supplementary Propositions 

In this section, we prove supplementary propositions used above. For G N, we 
define the Fourier transform on L^(]R") by 



.-n/2 



We first show the analyticity of the Fourier transform of a function f{x) which 
exponentially decreases. 

Proposition A.l. Let n G N and let A > 0. Assume that a measurable function 
/ : M" ^ C satisfies /(a;) exp(A|x|) G ^^(R^). Then J^nfiO analytic on W^. 
Furthermore, for any G M", if ^ G M*^ satisfies \^ — ^o| < A/n, then we have 



|a|>0 



Proof. Fix G N, .^0 £ and /3 G Nq. Then we see that is smooth and that 
dl:Fnf{io) = \M^^mo)\ < (27r)-"/^ / \x^f{x)\dx 

<(27r)-"/2||/e^N||^,(^ 

and 



l^/3g-A|x|| 



L°=(R") 



|^/3e-A|x| 



Il°°(R") 



r>0 



It follows from Stirling's formula that 



i=i i=i 



and we hence obtain 



<Ca[ 



A. 
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where C / 



(2vr: 



-n/2 



A\x\\ 



1, , is a positive constant independent of (5. There- 



fore, for any ^ G M" with |^ — < ^/^i we have 

S£°^„/({0) 



E 

|al>0 



|a|>0 



m=0 |Q|=m, 



le-^ol}' 



m=0 

oo 

< CA5^(m + n- 1) 



\a\ 



n-l 



X 



™}x{Q)|?-&|}" 

-\ m 

l^-^ol < oo. 



m=0 



Let N E N. Then we obtain 



E 

0<|a|<A' 



a! 



(e-eo)°-^n/(0 



< sup 



a! 



TV+l 



as oo. 



Therefore, we see that J-'nf is analytic. We hence complete the proof. 



□ 



In Remark 11.21 above, we introduce an example of data and satisfying condi- 
tions (C1)-(C3). We now prove that the example (0, 0) actually satisfies (C3). 

Proposition A.2. Let e G {0, 1}^ wzth \e\ ^ 0. Fzx ipj G S{R) \ {0} (j = 1,2,3) 



which are even. Define (j){x) and (f){x) (x = {xi,X2,x^) G M.^) by 

</)(xi,X2,a;3) = 'fiixi)Lp2{x2)'f3ix3) and 0(x) = 9^0(x) 
respectively. Then we have for any a G Nq, 



2a+t 



Ri+3 



(A.l) 



Proof. We consider only the case e = (1, 0, 1) because other cases are proved simi- 
larly. Let p, p G iS(R). Then we have the following properties: 

(i) For any C e M, it follows that C (J^ip) (C) = -iJ^i {p') (0- 

(ii) If p is odd, then —iJ^iRep = ImJ^ip. 

(iii) If p is even, then J^i|pp is a real-valued function. 
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We define the function ^(p, p; t, () (t, C G K) by 



v[/(p,p;t,C) = {mt)p\') (0 X J-i (U,it)p X U,it)p) (0, 
wliere Ui{t) = T^^e-''^ 7^. If p is even, then it follows from (i)-(iii) that 



cvi> (p,p;t,c) = j-i (if/iW/^r) (0 X c^i f/i(t)p X f/i(t)p (0 



-^1 {\Vi{t)pr) (0 X (-z)j-i t/i(t)p X f/i(t)p (0 



2J-1 (|t/i(t)pr) (0 X (-z)J-iRe f/i(t)p X f/i(t)p' (C) 



2J-1 (|f/i(t)pr) (0 X Im t/i(t)p X t/i(t)p' (0 



Hence we have 



-2Im (|f/i(t)pn (0 X (l]^{t)p X f/i(t)p'j (C) 
-2Im^(p,p';t,C), t,CeR. 



Im ^ (p, p'; t, C) = -^C* (P, p; C) , C e (A.2) 



Let m G Nq. As in the proof of Proposition 12.21 we obtain 

^(p,p';t,C)<^^^^^, (t,C)GMxR. 

Therefore, we see that (p, p'; t, C) and C^™'*'^^ (p, p'; 0, C) are integrable on 

X R^ and R^, respectively. Furthermore, if p is nonzero, then we have 



C'™+'^(p,P;0,C)t/C>0. (A.3) 

Therefore, if p is even and nonzero, then we see from f lA.2p and (1A.3P that 



Im / c'"+'^ (P, p'; C) dit, = -l [ e""^'^ (P, p; t, d{t, Q ^ O, (A.4) 
Im / C""+'* (P, P'; 0, C) dC = -\ ! e^^^^^ (p, p; 0, C) rfC 7^ 0. (A.5) 

^ JR 
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Let a = (ai, ^2, as) G Nq. Then it follows from the equality 



Jr Jr 
and f[0|) - f[0|) that f[0) holds. 



□ 



Finally, we show the following inequality used in the proof of Theorem ll.2t 
Proposition A.3. Fix Aq > and L G No . Let h G ^^+^((0, Aq)). // 



max sup 

i=0,---,L+l Ae(0,Ao) 



< oo, 



(A.6) 



then we have 



dX^ 



<c\, Ago, 



An 



L + 1 



for some positive number C independent of A. 



Proof. Fix A G {0,Xo/{L + 1)). Then we see from Taylor's theorem and (1A.6P that 
for any / = 0, 1, ■ ■ ■ ,L, 



k=0 



< CA^+1. 



Since 



1=0 A:=0 



fc=0 \l=0 



l\{L-l)\ ] k\ 



we obtain 



A'^ 



/)! / k\ 



k=0 \i=o 

Therefore, it suffices to prove the following equality: 



E 



U{L-l)\ 



if A; = 0, 1 

1 iik = L. 



(A.7) 
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Let g{y) = (y G M). Then the L-th forward difference of g satisfies 

1=0 ^ ' 

and 

Since y is arbitrary, we have flA.7p . which completes the proof. 

□ 
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